We study the planar equivalence of orbifold field theories on a small three-torus with twisted boundary conditions, generalizing the analysis of hep-th/0507267. The nonsupersymmetric orbifold models exhibit different large N dynamics from their supersymmetric "parent" counterparts. In particular, a moduli space of Abelian zero modes is lifted by an O(N 2 ) potential in the "daughter" theories. We also find disagreement between the number of discrete vacua of both theories, due to fermionic zero modes in the parent theory, as well as the values of semiclassical tunneling contributions to fermionic correlation functions, induced by fractional instantons.
Introduction.
Although there have been considerable advances in the strong-coupling description of gauge theories since their formulation, this remains an unresolved matter.
A line of attack to this problem has been to analyze related systems with simpler dynamics. Specially successful has been the study of supersymmetric theories, that in some cases can be solved exactly. However, the applicability of the methods employed usually relay on supersymmetry and cannot be used safely for non-supersymmetric theories. A different and older approach is 't Hooft's large N expansion [1] , where each term in the expansion is non-perturbative in the coupling constant. Although it gives a good qualitative description of many features of strongly coupled gauge theories, extracting quantitative results for realistic theories has been demonstrated to be a difficult task.
Recently, a new combination of both lines has been proposed under the name of planar equivalence [2] . Starting from a supersymmetric theory, called 'parent', it is projected to a non-supersymmetric theory, called 'daughter', so that they are equivalent in the large N limit. The projections are inspired in string constructions and they are named after orbifolds [3] and orientifolds [4] . Orbifold projection relates a N = 1 SU(kN) supersymmetric gauge theory with a (SU(N)) k gauge theory with fermions in bifundamental representations under two adjacent gauge group factors. Orientifold projection relates a N = 1 SU(N) supersymmetric gauge theory with a SU(N) gauge theory with fermions in twoindex symmetric or antisymmetric representations. For these theories, planar equivalence has been proved at the perturbative level, and there are formal proofs of exact equivalence [5, 6] . A remarkable example of this program is the computation of the quark condensate in terms of N = 1 gaugino condensate using orientifold theories [7] . Further works on finite N computations in orientifold theories using string duals can be found in [8] . Theories with other possible representations of fermions and their planar properties are studied in [9] .
Although the results are encouraging, the exact equivalence is not completely established, specially for orbifold theories, that have been the subject of much discussion [10, 11, 12, 13, 14] , although there are also some concerns about orientifold theories [14] .
We want to clarify this point by studying these theories in a dynamically controlled regime, where we can analyze the behavior of both parent and daughter theory and compare them.
In order to do that, we will introduce them in a small spatial torus R × T 3 , where the theory is in a weak coupling regime, so perturbative and semiclassical methods can be used. The first analysis of planar equivalence using finite volume is [13] , where a single spatial direction was compactified in a circle. It was shown that the dynamics of the orbifold daughter breaks down planar equivalence for small enough radius, because the sector where it would hold becomes tachyonic. However, it is not clear that this will remain true when the circle is decompactified. The extension to a total compactification of space was made in [14] . In this case non-trivial flat connections in the torus are zero modes that generate a moduli space. In the small volume limit, zero modes control the dynamics of the theory, so we can concentrate on the study of the moduli space. In principle, quantum corrections can generate a potential of order O(N 2 ) over the moduli space, but supersymmetry guarantees that a potential is not generated. Planar equivalence boils down to the vanishing of the daughter effective potential to O(N 2 ), but it is shown that this is violated locally at some points of the moduli space due to non-linear effects, although it is satisfied on the average. Also, the O(N) potential makes the physics of parent and daughter moduli space very different. It seems that the signals of a possible failure of planar equivalence are a consequence of having scalar degrees of freedom that arise when we compactify the theory, and that their effects may disappear when we go to the infinite volume limit. Then, it is interesting to get rid of the moduli space in order to avoid this problem. This can be done using twisted boundary conditions, that will constitute the frame of this paper.
Orbifold theories are invariant under a global Z N group of symmetry, the center, that can be used to introduce twisted boundary conditions and lift most or all of the nonAbelian moduli space. Orientifold theories are invariant only under a Z 2 center group, that is not enough to significantly change the moduli space. For this reason, this paper will concentrate on orbifold theories. Twisted boundary conditions will allow the construction of a precise mapping of topological sectors between parent and daughter, so we can compare the vacuum sectors. Moreover, we will be able to compare fermionic correlation functions induced by tunneling between vacua in each theory. Ordinary instantons can contribute to such quantities, but they are not useful to answer questions about planar equivalence because their semiclassical contributions vanish exponentially in the N → ∞ limit. The reason is that their action scales as S inst = 8π 2 N/g t , where g t = g The outline of the paper is as follows. In section 2 we introduce twisted boundary conditions and show how they can be used to make a complete map between different gauge bundles of parent and daughter theory. In section 3 we use this map to describe and compare vacuum states of both theories. In section 4 we extend the analysis to include effects induced by tunneling. Finally, we give a geometrical interpretation in terms of bound states of D-branes and conclude.
2 Embedding of the orbifold theory.
We are interested in finding the map between physical configurations of parent and daughter theories relevant for planar equivalence. According to [5] , we should compare the vacuum sectors of both theories. However, this is a difficult task, specially for the daughter theory, because we cannot use perturbation theory and we do not have non-perturbative effects under control in the IR limit. In order to avoid these problems, we introduce parent and daughter theories in a small finite volume. This has been an extensively used tool to study asymptotically free gauge theories, since they are in a weak coupling regime where perturbative and semi-classical methods are applicable.
The orbifold theories that we are considering have a (U(N)) k gauge group and Weyl fermions that transform as the bifundamental representation (N i , N i+1 ) of two adjacent gauge groups. These theories can be obtained from a N = 1 U(kN) supersymmetric gauge theory after performing an "orbifold projection".
in general, when summing over different orbifold components A i µ , λ i,i+1 , we will always assume that indices are defined modulo k. For this kind of theories, it has been proved that parent and daughter planar diagrams give the same result, if the coupling constants of both theories are related by kg
We should point that the gauge group of the daughter theory is a subgroup of the gauge group of the parent theory of the same rank. This is quite useful if we try to establish a map between both theories. For instance, every representation of the parent theory has a unique decomposition in representations of the daughter theory. Notice that if we ignore Abelian groups in the daughter theory, the rank would be different. We will see that Abelian groups play a relevant role in the mapping. We will ignore only the diagonal U(1) group of the daughter theory, that maps trivially to the Abelian part of the parent group.
All fields are uncharged under these groups, so they decouple trivially.
Twisted boundary conditions in the torus.
Twisted boundary conditions were introduced by 't Hooft [15] and successfully applied by Witten to study supersymmetric theories [16, 17] . The topics we review briefly here can be found more thoroughly studied in these references. An extensive classical analysis of twisted boundary conditions in T 4 can also be found in [18] .
When we compactify a gauge theory in a three-torus R × T 3 , we have some freedom to specify the boundary conditions of the fields on the sides of the torus. For a SU(M) gauge group, the fields must be periodic up to gauge transformations. In order to be in a configuration with zero field strength, the gauge transformations on each side must commute. We can always change the boundary conditions by making gauge transformations and redefining our field, so all these configurations are equivalent. In particular, all can be reduced to the case with trivial periodic boundary conditions, where there are zero modes for the gauge fields given by constant Abelian connections.
For the theories we are interested, the fields are invariant under a discrete subgroup of the gauge group, that we call the invariant center. For instance, for a (supersymmetric) SU(M) gauge theory, the center is Z M . As a consequence, we can consider our theory as a SU(M)/Z M theory and impose non-trivial boundary conditions on the fields. The fields are periodic up to a gauge transformation, but now the transformations on each side need to commute only up to an element of the center. Therefore, for each side we can give an element of the center that defines non-equivalent boundary conditions. The information is encoded in the so-called magnetic flux m, which is a three-vector of integers defined modulo M. Formally, we are constructing gauge bundles of different topology, using the mapping between non-trivial one-cycles of the group SU(M)/Z M to the torus. Since in general we cannot reduce these configurations to the trivial case, there are no zero modes for gauge fields.
Imagine that we are in a sector of definite magnetic flux, and we choose to work in the A 0 = 0 gauge. This gauge only fixes time-dependent transformations. When we make a time-independent gauge transformation, it has to satisfy the same boundary conditions as the fields, up to an element of the center. Then, we can introduce an element of the center for each direction that characterizes the twisted gauge transformation. We can group them in a single three-vector k of integers. Twisted gauge transformations are not continuously connected to the identity, so physical states do not need to be invariant under them. As a matter of fact, each time we make a twisted gauge transformation we can reach a different sector of the Hilbert space. Using Fourier transformation, we can build states invariant under the action of a twisted gauge transformation, labelled by the electric flux e, a three-vector of integers defined modulo M.
The information carried by electric and magnetic flux can be encoded in a single quantity n µν , the twist tensor, that emerges when we study gauge bundles in an Euclidean .
The twist tensor is an antisymmetric tensor of integers defined modulo M. It is related to electric and magnetic flux in a similar way as electric and magnetic components are related to field strength
In general, the Euclidean gauge bundles will have a curvature. In this case, the action does not vanish, but it has a minimum value given by the Pontryagin number or topological charge. Usually, contributions from ordinary instantons are considered. They come from bundles associated to the wrapping of the gauge group over a S 3 . Then, this contribution is an integer known as the winding number. For gauge bundles associated to the torus, the contribution to topological charge can be fractional, because we are using a representation that is not faithful for SU(M)/Z M . In the sector of zero winding number, the topological charge is given by
Twisted boundary conditions and orbifold theories.
The parent theory is a SU(M) supersymmetric gauge theory with M = kN. All the previous discussion can be applied directly to this case. In order to study the relation between parent and daughter theories in this setup, we follow the construction that 't Hooft used to find self-dual solutions of fractional topological charge [19] , called torons, and generalize it to our case. The analysis is made in the Euclidean T 4 .
We split rows and columns in k diagonal boxes of N × N size. Then, we work in the
, which is the orbifold projection on the gauge sector. If we had considered only a (SU(N)) k theory, without the Abelian part, then the possible bundles in the daughter theory would have been characterized by a Z N diagonal subgroup of (Z N ) k . This is so because of the fermions in the bifundamental representations.
If twist tensors of different SU(N) groups were different, boundary conditions for fermions will not be consistent, according to (2.2). However, Abelian fields can be used to absorb extra phases and enlarge the number of possible bundles. This will be evident in our construction.
Let ω i , i = 1, . . . , k be the U(1) generators
where N(k − 1)1 N is located at the ith position and 1 N denotes the N × N identity matrix.
Note that only k − 1 generators are independent, since
Define the following twist matrices
All other pairs commute. Notice that although V i and W i are matrices defined in principle to make a SU(kN) twist, in fact the terms in the exponent are such that the non-trivial twist is made only over the ith N × N box. A possible representation is
where Q Let us try the ansatz
where summation over ν is understood. The numbers a is an antisymmetric real tensor which will be associated to the Abelian fluxes that are necessary to cancel out phases in the case of non-diagonal twist.
Inserting (2.8) in the consistency conditions (2.2) we find that
and the k conditions
which can be used to obtain the α A remark is in order. Although in principle we can turn on arbitrary fluxes of Abelian fields in the daughter theory, we must take into account the presence of charged fermions under these. Since bifundamentals correspond to off-diagonal boxes in a SU(kN) matrix, the value of Abelian fluxes is determined modulo N by consistency conditions of the twist.
This implies that fractional contributions of Abelian fluxes to the topological charge are determined completely by (2.10). On the other hand, integer contributions to the topological charge in the parent theory can map to non-Abelian instantonic configurations, Abelian fluxes of order N or a mixture of both. Since the energy of this kind of configurations is a factor N larger than fractional contributions, they are irrelevant in the large N limit and we will not worry about them anymore.
We can be more precise with the map of Abelian configurations. The U(1) groups under consideration follow from the decomposition of SU(kN) gauge connections in boxes
where i = 1, . . . , k − 1. Then, following [20] , we can relate topological invariants of Abelian groups of the daughter theory to the twist tensor of the parent theory. Let F i µν be the field strength of the ith Abelian group. We have the following topological invariants
given by the integral of the first Chern class over non-contractible surfaces of the torus and
which is the Pontryagin number and it is related to first and second Chern classes. We can relate Q i to the topological charge of the parent theory, while c i µν (mod N) will be a twist tensor n 3 Vacuum structure.
We have been able to construct a map between configurations of both theories, showing that they are physically inequivalent, although this is not a surprise. As a matter of fact, we are interested only in large N equivalence. According to [5] , planar equivalence will hold non-perturbatively in the sector of unbroken Z k orbifold symmetry. The necessary and sufficient condition is that operators related by orbifold projection, and invariant under orbifold transformations, have the same vacuum expectation values. Therefore, it is enough to check the vacuum sector. In infinite volume it is argued that large N equivalence does not hold for k > 2 because of spontaneous breaking of orbifold symmetry by the formation of a gaugino condensate in the parent theory [11] . For k = 2 the condensate does not break orbifold symmetry and the question remains open. In finite volume in principle there is no spontaneous breaking, so any failure of large N orbifold equivalence must show itself in a different way. In the following analysis we will restrict to the sector of vanishing vacuum angles for simplicity.
Ground states in the daughter theory.
We will start by comparing the bosonic sector of ground states of parent and daughter theories in a three-torus. The first question we can ask ourselves is what are the relevant configurations we must consider. We assume that the orbifold projection has been made at a scale of energy much larger than the typical scale of the torus µ >> 1/l. At this point, all the coupling constants of the orbifold theory are equal. The running of coupling constants of non-Abelian groups is given at leading order by the renormalization group of the parent theory, by perturbative planar equivalence. However, the running for Abelian groups is different since they are not asymptotically free. As a matter of fact, the coupling constants of Abelian groups will be smaller than the coupling constants of non-Abelian groups in our torus, and the difference will increase with the volume. We can now consider what are the contributions to energy of Abelian configurations, that depend on electric (E i = α 0i ) and magnetic (B i = ǫ ijk α jk ) fluxes as
In the quantized theory B 2 acts as a potential, while E 2 plays the role of kinetic energy.
We see that the magnetic contribution is proportional to the inverse of the coupling, so the ground states of the theory will be in the sectors of zero Abelian magnetic flux. From (2.9), this forces us to introduce equal magnetic flux on all non-Abelian gauge factors,
where m p(d) is the magnetic flux in the parent (daughter) theory. This kind of boundary conditions preserve the orbifold symmetry of interchanging of SU(N) groups.
The twist of the daughter theory is determined by a Z N diagonal subgroup. The elements of this group are actually equal to the elements of a Z N subgroup of the center of the parent theory
We are now interested in imposing twisted boundary conditions in the daughter theory such that the moduli space of non-Abelian gauge groups is maximally lifted. We can introduce a unit of magnetic flux in the same direction for each of the gauge groups, so we are performing a maximal twist of the theory and thus lifting all the non-Abelian moduli space. However, the kind of boundary conditions we are imposing does not prevent the existence of constant connections for Abelian groups. Bifundamental fermions are charged under these U(1) groups, so it is not possible to gauge away constant connections.
Moreover, they become periodic variables. Therefore, the Abelian moduli space of the daughter theory is a (k − 1)-torus (for each spatial direction).
In the A 0 = 0 gauge we have freedom to make gauge transformations depending on spatial coordinates. Abelian gauge transformations must be such that they compensate the phases that can appear on fermionic fields if we make twisted gauge transformations that are not equal for all non-Abelian gauge groups. Only transformations with k · m = 0 mod N lead to a different vacuum, so there are N k possible non-Abelian vacua. The total moduli space consists on N k disconnected T 3(k−1) tori. The Abelian part of the vacuum is a wavefunction over the torus.
In our setup, orbifold symmetry is preserved in the vacua that are reached by twisted gauge transformations of the same topological class for all non-Abelian gauge groups. For these, Abelian gauge transformations are trivial. In Sec. 3.4 we will see that these vacua are dynamically selected by the physics on Abelian moduli space.
The mapping of vacua.
We would like to study planar equivalence in a physical setup that is equivalent for the parent theory. From (3.2) this corresponds to the introduction of k units of magnetic flux in the same direction as in the daughter theory. In this case we can reach N disconnected sectors making twisted gauge transformations. We would like to see how these vacua can be mapped to the orbifold-preserving vacua of the daughter theory. In order to do that, we should be able to construct the operators associated to twisted gauge transformations in the daughter theory from the corresponding ones in the parent theory. A second condition is that we should be able to identify the moduli spaces of both theories.
Let us examine the first condition. Suppose that we introduce k units of magnetic flux in the x 3 direction in the parent theory:
where twist matrices must satisfyṼ kWk =W kṼk e 2πik/kN . We can go from one vacuum state to other by making a twisted gauge transformation U, that satisfies the above conditions (3.4), except in the x 3 direction, where
A good election for the twist matrices isṼ
can use the SU(k) group that is not broken by the boundary conditions to rewrite U as a box-diagonal matrix, that can be mapped to the twisted gauge transformations of the daughter theory, if we arrange them in a single matrix. In general, the transformations in the daughter theory will include Abelian phases, so the map of vacua will be from one in the parent to many in the daughter.
We now turn to the second condition. The twisting is not enough to lift completely the moduli space of the parent theory, but a torus T 3(k−1) remains. As a matter of fact, it is an orbifold, since we should mod out by the Weyl group of SU(k). In the daughter theory, the Abelian moduli space is the same, except that there are no Weyl symmetries acting on this space. However, in the daughter theory there are discrete global symmetries associated to the permutations of factor groups that can be mapped to Weyl symmetries of the parent theory. They do not modify the moduli space, but we can make a projection to the invariant sector of the Hilbert space to study planar equivalence.
There will be a wavefunction over the moduli space associated to the vacuum. In the parent theory, supersymmetry implies that the wavefunction is constant. In the daughter theory there is no supersymmetry, so a potential can be generated that will concentrate the wavefunction at the minima. Another consequence of supersymmetry is that there are fermionic zero modes over the moduli space, which give rise to more zero-energy states.
We will investigate both questions in the next sections.
Fermionic zero modes.
Fermionic zero modes are spatially constant modes that satisfy the Dirac equation with zero eigenvalues. In the parent theory the gaugino has k − 1 zero modes
where a = 1, . . . , k − 1 runs over the Cartan subalgebra of the unlifted SU(k) subgroup.
If we go to a Hamiltonian formulation, as in [16] , they do not contribute to the energy.
We can define creation and annihilation operators for these modes: a * α a and a α a where α = 1, 2 refers to spin and a = 1, . . . , k − 1 is the gauge index. Physical states must be gauge invariant. For zero modes gauge invariance appears in the form of Weyl invariance, a discrete symmetry that stands after fixing completely the gauge. The set of Weyl-invariant operators that we can construct with creation operators is limited to contract the gauge indices with δ ab . Thus, the only allowed operators that create fermions over the gauge vacuum are powers of
This operator creates fermionic states over the bosonic vacuum |0 B . Fermi exclusion principle limits the number of times we can apply U over the vacuum, so the set of possible vacua is What is the situation in the daughter theory? The only possible candidates to give fermionic zero modes in spite of twisted boundary conditions are the trace part of bifundamental fields. However, those fields are charged under Abelian groups, so it is not possible to find zero modes over the whole moduli space. We are then confronted to the same kind of concern as in [11] , the number of vacuum states is different in each theory, even in the sector of vacua that preserve orbifold symmetry.
Even in the case k = 2, the mismatch between the number of vacua, which is due to the different fermion content, seems to spoil large N equivalence. In [11] , it is argued that we should consider a mapping two-to-one between vacua of the parent and daughter theories. Such mapping is more difficult to justify in this case, because expectation values of operators involving fermions will give different results in vacua with different number of fermionic zero modes. For instance, if we consider the operator
we are counting the number of fermions in the state, so there is a diagonal non-vanishing
However, the orbifold projection of this operator
will have a vanishing diagonal contribution, since there are no fermionic zero modes over the vacuum state.
Potential over moduli space.
We now turn to the question of whether a potential appears over the Abelian moduli space of the daughter theory due to quantum effects. For simplicity, we will work with U(1) fields A µ = a µ 1/N1 N . Gauge fields are uncharged, so they cannot give rise to a potential. Fermionic fields do couple through
where e i is the Abelian coupling. In principle e i = e i+1 = e, since all Abelian gauge groups enter symmetrically and we have applied the renormalization group from a point where all couplings were equal. At that point e 2 = g t /N 2 , where g t = g 2 Y M N is the non-Abelian 't Hooft coupling.
Let us comment several aspects of the Abelian moduli space. We can scale the fields so that the coupling constants come in front of the action. Then, when we make an Abelian gauge transformation that shifts the gauge field by a constant, the fermionic field charged under that Abelian group picks up a phase depending on the position. For instance, if
then, when we move a period along the x 3 direction, the phase of the field changes by e ic 3 l 3 . We conclude that the periods of the S 1 components of the Abelian moduli space are 2π/l 3 . Would be twisted gauge transformations correspond to 2π/Nl 3 translations along the S 1 , although fixed boundary conditions for charged fields imply that they are no longer a symmetry of the theory.
Since there are no fermionic zero modes with support over the whole moduli space, we can integrate out the fermionic fields in the path integral. The regions of zero measure where fermionic zero modes have support will be localized at conical singularities of the effective potential obtained this way.
We proceed now to give the fermionic potential. At the one-loop level, it comes from the determinant that results in the path integral when we integrate out fermionic fields.
This potential can be computed using the methods of [21] . The result, after rescaling by the length of the spatial torus
where the shape of the potential is given by
Notice that the potential depends only on the differences a i − a i+1 , so no potential is generated for the diagonal U(1), only for the U(1) k−1 groups coming from the non-Abelian part of the parent group after the orbifold projection. This potential has its minima at non-zero values of the differences, in the twisted sector. Since it is of order N 2 , it cannot be ignored in the large N limit.
Examining more closely the potential, we can see that there is only one minimum at
Usually, wavefunctions over the moduli space are characterized by the electric flux, that we can interpret as momentum along the moduli space. However, kinetic energy on the moduli space is proportional to e 2 (3.1), that is very small and becomes smaller as we increase the volume. On the other hand, the effective potential is very large and does not depend on the coupling. Therefore, the wavefunction is very localized, even for translations given by twisted transformations, and it is more convenient to use a position representation over the moduli space. The first consequence of all this is that if
we make an Abelian twisted transformation, we are moving the system to a configuration with more energy, see Fig. 1 . Therefore, most of the vacua of the theory are lifted. Only when we make diagonal non-Abelian twisted gauge transformations, the system remains in a ground state. This leaves N vacua. On the other hand, the wavefunctions over the moduli space of parent and daughter theories are very different. The first one can be seen as a zero-momentum state, while the last is more a position state. This suggests that in the infinite volume limit the daughter theory will fall into an Abelian twisted configuration, breaking orbifold symmetry in that sector. Another difference is that the ground state has a negative energy of order O(N 2 ).
These results are of the same kind as the ones found in [13, 14] , although in the other cases the moduli space was non-Abelian for the daughter theory.
We have found many differences between the vacua of parent and daughter theories in finite volume with maximal twist. We were looking to lift the non-Abelian moduli space that in previous works pointed towards non-perturbative failure of planar equivalence. We have seen that properly taking into account the Abelian groups in the daughter theory, the situation does not really improve. Thanks to Abelian groups we are able to map the moduli space of parent and daughter theories, but the generation of a potential by fermionic fields in the daughter theory makes the physical behavior of both theories quite different, although it lifts many of the unexpected non-Abelian vacua. The moduli space of the parent theory is also a problem, because it implies that there are fermionic zero modes that generate vacua that cannot be mapped to the daughter theory.
Tunneling effects.
We have shown that parent and daughter theories have physically inequivalent vacua in this context due to the potential generated over the moduli space in the daughter theory and to the mismatch of vacua. However, some quantities do not depend on the moduli space, so the wavefunction will just give a normalization factor that can be chosen to be the same. The orbifold conjecture may still be useful to make some computations in the common vacua, up to kinematical factors.
One of the main applications of twisted boundary conditions is the computation of fermion condensates [22] generated by tunneling between different vacua. These fermion condensates do not depend on the moduli space and tunneling can be studied using selfdual solutions of Euclidean equations of motion. In the case where the tunneling is between vacua related by a twisted gauge transformation, the relevant configurations are of fractional topological charge, which we have associated to the twist tensor (2.4). Notice that to map parent and daughter theories we are using (2.9) and (2.10). If we want to make the mapping between purely non-Abelian configurations, we should take α µν = 0, otherwise we will be introducing self-dual Abelian fluxes in the daughter theory. In this case, all the twist tensors in the daughter theory must be equal because of fermions in the bifundamental
representations. This implies that parent and daughter twist tensors are proportional
Under these conditions, the fractional contribution to topological charge (2.4) by tunneling is the same in both theories
4.1 Tunneling in parent theory.
In the SU(kN) parent theory with n p µν = 0 mod k twist, the solution of minimal charge has Q = 1/N, k times the minimal possible topological charge of the theory. It contributes to matrix elements of the form 0| OÛ |0 for some operator O. The operatorÛ acts over the trivial gauge vacuum |0 by making a twisted gauge transformation (3.5). We can compute this quantity using a Euclidean path integral
Although we do not know the explicit Euclidean solution that contributes in the saddle point approximation, we know what should be the vacuum expectation value of some operators. Because of supersymmetry, only zero modes contribute. There are 4k real zero modes of both bosonic and fermionic fields. The existence of fermionic zero modes implies that the tunneling contributes only to operators involving a product of 2k fermionic fields.
In particular, there is no contribution to the vacuum energy. Therefore,
which is a tunneling contribution to a 2k-fermionic correlation function. By tr kN λλ we refer to the value of the gaugino condensate in the parent theory. This does not mean that a gaugino condensate is generated by these configurations, we are just referring to the numerical value of (4.5). This is based on the use of torons to estimate the gaugino condensate [22] and on the coincidence of the instanton measure with the measure of a superposition of torons [23] . The factorial factor comes from considering the configuration of charge Q = 1/N as a superposition of k equal configurations of charge Q = 1/kN.
Another peculiar fact about this configuration is that it is transformed into itself under a Nahm transformation [24] . A Nahm transformation identifies moduli spaces of different self-dual configurations of different gauge theories in different spaces. From a stringy perspective it is a remnant of T-duality [25] .
We will use techniques developed in [26, 27] for Nahm transformations with twisted boundary conditions. Given the rank r, the topological charge Q, and the twist
where Ξ = diag (q 1 , q 2 ), the Nahm transformed quantities are given by
and the twist
Our tunneling configuration can be determined by m = (0, −k, 0), k = (0, 1, 0) for instance. Then, we can write the twist tensor as Ξ = diag (1, k). Using (4.7) and (4.8), it is straightforward to see that r ′ = r = kN, Q ′ = Q = 1/N and Ξ ′ = Ξ = diag (1, k).
Tunneling in daughter theory.
Self-dual solutions contributing to tunneling in the daughter theory do not coincide with the projection from the parent theory, as given by (4.1). Tunneling between two adjacent vacua is given by a configuration where each gauge factor contributes by Q d = 1/N to the topological charge. Then, the total topological charge is Q = k/N, while the topological charge in the parent theory is Q p = 1/N, in disagreement with (4.2).
The configurations we are using for tunneling are not related by the map we have
proposed, but notice that we are comparing semiclassical contributions of the same order, since the classical Euclidean action in parent S When we examine the moduli space of parent and daughter tunneling configurations, we find further evidence that we are comparing the correct quantities. The bosonic moduli space is 4k-dimensional for both theories, and the moduli space of the daughter theory also transforms into itself under a Nahm transformation. This can be seen using (4.7) for each of the gauge factors:
Even using this 'improved' mapping, disagreement emerges from fermionic fields. In the daughter theory there is no supersymmetry in general, because fermions are in a representation different to bosons. However, bifundamental representations of the daughter theory can be embedded in the adjoint representation of the parent theory, and this will be useful.
In order to make an explicit computation, we need a formula for the self-dual gauge configuration of fractional topological charge. We do not have an analytic expression in general, but 't Hooft found a set of solutions [19] , called torons, that are self-dual when the sizes of the torus l µ satisfy some relations. We will assume that we are in the good case and that, although in other cases the relevant configurations will be different, the physics will be the same.
Torons are the solutions of minimal topological charge in a situation with maximal twist.
For a SU(N) gauge theory, this means that Q toron = 1/N. Therefore, they can be used in the daughter theory, where we will have a toron for each of the non-Abelian groups. We can compare torons to the most known self-dual solutions, instantons. Instanton solutions can be characterized by their size, orientation in the algebra and center position. The size of torons is fixed by the size of the spatial torus, and they have a fixed orientation along a U(1) subgroup. However, they still have a center that can be put at any point of the torus. Therefore, the moduli space of torons is a four-dimensional torus. An explicit expression for torons in the daughter theory in the presence of magnetic flux in the x 3 direction is
where η a µν , a = 1, 2, 3 are 't Hooft's self-dual eta symbols [28] , ω is a generator of a U(1) ⊂ SU(N) and z i are the center positions. Notice that we have chosen to work with anti-hermitian and canonically normalized gauge fields.
Now that we are armed with an analytic expression, we can calculate what happens with fermions in the background of k torons. The Euclidean Dirac operator is
where σ µ = (1 2 , i σ), σ µ = σ † µ and σ i are the Pauli matrices. In a self-dual background F + µν , the square of the Dirac operator is positive definite for negative chirality fields
while for positive chirality fields, it has a potentially negative contribution The covariant derivative acting over bifundamental fields is
Then, introducing (4.9) and (4.13) in (4.12), we find the operator
where "adj" denotes that the operator is equal to the case where it acts over the adjoint representation of SU(N). Extra contributions are given by the separation between torons of different groups
The coefficient of the positive 'mass' contribution is 
that receives non-supersymmetric corrections from other sectors of the moduli space, for
we denote by A i the bosonic zero modes, depending on the toron position z i . The factors The classical action is the action of the toron solution
Coming back to (4.4), we see that there is a non-zero contribution of tunneling to energy. When two torons are coincident, there are fermionic zero modes, so contributions to E come from the sector of the moduli space of torons where all are separated. This contribution is completely non-supersymmetric
We have taken care of bosonic and fermionic (would be) zero modes, so they have been subtracted from the determinants det ′ . With the notation we are employing, the contribution to E will come from a "ring" diagram Fig. 2 . When we make the orbifold projection of (4.5), we find
Where the first non-supersymmetric factor F
N S is the same as in (4.19) , and the dots indicate that there are more contributions from other sectors of moduli space, all involving different non-supersymmetric factors. Notice that the orbifold mapping kg
that the renormalization invariant scales of parent and daughter theories are the same at the planar level.
As a consequence, the first term in ( 
D-brane interpretation.
We can give a geometrical interpretation of our results based on a construction with Dbranes in the torus, as in [29] . In the parent theory we will have a set of kN D4-branes on T 4 , the 01234 directions including time. The low energy theory is a U(kN) supersymmetric gauge theory. We are interested in study possible vacuum configurations, that are characterized by different bundles of D-branes over the torus. We will ignore the scalars associated to the transverse dimensions to the torus, anyway, they will be spectators in the analysis below.
The twist of the configuration associated to tunneling in the parent theory, Sec. 6 Summary.
We extend the study of planar equivalence in a small volume [14] introducing twisted boundary conditions for orbifold field theories. We have found several sources of disagreement with orbifold large N equivalence. First of all, a 'kinematical' map seems not to work
properly. When we try to embed the vacuum of the daughter theory in the vacuum of the parent theory, we find difficulties because the number of vacua does not match due to the presence (absence) of fermionic zero modes in the parent (daughter) theory. We also find difficulties in identifying the relevant configurations for tunneling using only algebraic
arguments.
An important 'dynamical' indication of disagreement with planar equivalence is the formation of a potential over the Abelian moduli space of the daughter theory, which makes the ground wavefunction of both theories very different and shifts the vacuum energy at leading order. These results are analogous to the behavior found for the non-Abelian moduli space in the case of periodic boundary conditions [14] .
When we try to compute contributions produced by tunneling effects in the daughter theory, we find a remarkable relation with a supersymmetric theory. We can split the contributions in sectors where some factors are identical to quantities of a supersymmetric theory (to be precise, to the gaugino condensate). However, the relation is with a N = 1 SU(N) gauge theory (or k copies of it) and not with the parent theory, that has group SU(kN).
In view of these results, it seems that the 'supersymmetric' properties of the orbifold daughter stem from the fact that a N = 1 SU(N) supersymmetric sector is 'wrapping' it, the sector of diagonal configurations. This is in agreement with previous results [14] and suggests that planar equivalence of orbifold theories could be traced to the fact that the parent theory and N = 1 SU(N) gauge theory are also planar equivalent [12] . From the point of view of finite volume physics, the fact that the orbifold theory can be embedded in a supersymmetric theory, the parent theory, apparently has no more meaning except that it is probably a necessary condition for having a supersymmetric sector. It would be interesting to check whether the properties of the orientifold theory relies on having a SO(N) supersymmetric sector or work differently to the orbifold case.
